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Effects of Berry Curvature on the Collective Modes of Ultracold Gases
Hannah M. Price and Nigel R. Cooper
TCM Group, Cavendish Laboratory, J. J. Thomson Ave., Cambridge CB3 0HE, United Kingdom
Topological energy bands have important geometrical properties described by the Berry curvature.
We show that the Berry curvature changes the hydrodynamic equations of motion for a trapped
Bose-Einstein condensate, and causes significant modifications to the collective mode frequencies.
We illustrate our results for the case of two-dimensional Rashba spin-orbit coupling in a Zeeman
field. Using an operator approach, we derive the effects of Berry curvature on the dipole mode in
very general settings. We show that the sizes of these effects can be large and readily detected in
experiment. Collective modes therefore provide a sensitive way to measure geometrical properties
of energy bands.
PACS numbers: 03.65.Vf, 67.85.-d, 03.75.Kk
Nontrivial topological energy bands exhibit many fas-
cinating physical phenomena. For instance, topological
invariants underlie both the quantum Hall effect[1] and
topological insulators[2, 3]. There is currently great in-
terest in exploring such physics in ultracold gases[4]. Re-
cent experiments have explored optical lattices with novel
geometrical and topological features[5–9], and there is
much ongoing activity to extend to other situations.
Less widely appreciated is the fact that the energy
bands of these new forms of optical lattice also have im-
portant geometrical properties. In particular, the Berry
curvature (defined below) is a local, geometrical prop-
erty of the energy eigenstates. When integrated over
the Brillouin zone (BZ) of a two-dimensional (2D) band,
it gives the Chern number, the topological invariant of
the quantum Hall effect[1, 10]. The Berry curvature
has many physical consequences in 2D and 3D systems,
such as in the anomalous quantum Hall effect[11–14].
In ultracold gas experiments, the local Berry curvature
could be measured directly, for instance, in the semiclas-
sical dynamics of a wave packet[15] or in time-of-flight
measurements[16].
In this Letter, we show that the Berry curvature cru-
cially affects the collective modes of an ultracold gas.
Thus, this geometrical quantity must be added in the
general theory of collective modes to describe the new
forms of optical lattice currently being explored. Collec-
tive modes are powerful tools for exploring the properties
of ultracold gases[17]. The high precision with which os-
cillation frequencies can be measured [18] affords high
sensitivity to underlying physical properties, such as the
equation of state[19, 20] and the BEC-BCS crossover[21–
23]. Recently, collective modes have been used to mea-
sure the superfluid Hall effect in a weak artificial mag-
netic field[24]. Here, we show that, in the general case of
an atomic gas in a band structure with geometrical fea-
tures, there are important modifications of the collective
modes which are entirely controlled by the Berry cur-
vature. This includes systems threaded with many flux
quanta, as well as optical lattices with uniform [25] or
nonuniform flux [5].
We demonstrate how the Berry curvature shifts oscil-
lation frequencies and splits otherwise degenerate modes.
We illustrate this for the example of 2D Rashba spin-orbit
coupling. We then derive the effects of Berry curvature
for a general multiband Hamiltonian. Our results show
that Berry curvature can have large effects on collective
mode frequencies of trapped BECs, and that measure-
ments of these frequencies can be used to determine the
geometrical properties of the energy band in which the
condensate is formed.
The starting point for all our studies is a Bose-Einstein
condensate (BEC) formed in a minimum of some single-
particle energy dispersion, E(p). This dispersion could
be the lowest band of an optical lattice, with p the crystal
momentum, or of a spin-orbit coupling Hamiltonian [like
Eq. (5)]. We shall study the collective oscillations of the
BEC confined in a (harmonic) trap. We assume that the
band gap is much larger than any other energy scale,
and that the spread in momentum of the condensate
wave function (set by the inverse cloud radius or heal-
ing length) is sufficiently small[26], such that the BEC
is well described by single-particle states close to this
single minimum. The energy dispersion is then charac-
terized by the effective mass, M∗αβ = h¯
2/
(
∂2E/∂pα∂pβ
)
,
where α, β run over the spatial coordinates. This will
shift the collective mode frequencies[27]. Furthermore,
the eigenstates are characterized by the Berry curvature,
Ωn(p) ≡ i
∂
∂p
× 〈np|
∂
∂p
|np〉, (1)
where |np〉 is the energy eigenstate in band n at p (i.e.,
the periodic Bloch function for an optical lattice)[14].
Thus, the energy minimum must also be characterized
by the value of the Berry curvature at that point. To
simplify presentation, we assume that the effective mass
is isotropic, M∗αβ ≡ M
∗δαβ , and choose axes such that
the local Berry curvature is Ωzˆ, but all results can be
readily extended to anisotropic cases.
To determine the effects of Berry curvature on the col-
lective modes, we derive the hydrodynamic equations at
zero temperature for a weakly interacting BEC. By in-
2cluding the so-called “anomalous contribution” to the ve-
locity [14] we find
ρ˙+∇ · (ρv) = 0, v˙ =
F
M∗
−
(
F˙
h¯
× zˆ
)
Ω (2)
where ρ is the density, v is the velocity, and F is the local
force per particle. We are interested in small deviations
from equilibrium, ρ = ρ0 + δρ. We assume that the
particle number N is large so that quantum pressure is
negligible and the Thomas-Fermi approximation is valid:
ρ0 = [µ− V (r)]/g, where V (r) is the trapping potential
and ρg is the interaction energy. Then F = −g∇δρ.
Linearizing Eq. (2) with respect to δρ, we find
δρ¨ = −
∇V ·∇δρ
M∗
+
ρ0g∇
2δρ
M∗
+
∇V · (∇δρ˙× zˆ)Ω
h¯
.(3)
For a uniform gas, with no trap potential V (r) = 0, the
collective oscillations are sound modes, with frequencies
ω =
√
ρ0g/M∗|k| that are unaffected by Berry curvature.
For a harmonic trap, V (r) = 12κ|r|
2, the modes have
the form δρ = D(r)Ylm(θ, ϕ)e
−iωt, where Ylm(θ, ϕ) is
a spherical harmonic[28, 29]. There are three quantum
numbers: l, the total angular momentum, m, the projec-
tion of angular momentum on the polar axis, and nr, the
number of radial nodes. We solve Eq. (3) to find
ω = −
mκΩ
2h¯
+
1
2
√(
mκΩ
h¯
)2
+
4κ
M∗
(l + 3nr + 2nrl + 2n2r).(4)
The corresponding eigenstates have D(r) ∝ rlF (−nr, l+
nr + 3/2; l+3/2, r
2/R2), where F is the hypergeometric
function and R =
√
2µ/κ the radius of the cloud. When
Ω = 0, we recover the expected mode energies [28, 29].
Nonzero Berry curvature affects the frequencies of only
those modes with m 6= 0, breaking the (2m + 1) degen-
eracy.
An important class of modes are the surface waves
which have nr = 0 and δρ ∝ r
l−1Ylm(θ, ϕ)e
−iωt ∂ρ
∂r
.
These include the dipole modes (l = 1) and quadrupole
modes (l = 2). We find that, as in the case without Berry
curvature [19, 20], the mode frequencies are independent
of the equation of state. We obtain this result by extend-
ing the hydrodynamic approach to a general polytropic
equation of state: P ∝ ργ+1, where P is the pressure
and F = − 1
ρ
∇P −∇V . For the weakly interacting Bose
condensate, P = 12gρ
2 and γ = 1. The exponent γ = 2/3
describes a dilute Fermi gas[30], an ideal normal Bose gas
under adiabatic conditions and Bose and Fermi gases in
the strongly interacting (unitarity) limit [19, 20, 22].
Surface modes are also valid solutions for an
anisotropic trap: V (x, y, z) = 12κ
2(x2+y2)+ 12κ
2
zz
2. The
anisotropy lifts the degeneracy between modes with dif-
ferent values of |m|. For example, without Berry curva-
ture, the dipole modes for the weakly interacting BEC are
y
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FIG. 1. The Berry curvature splits degenerate modes, as
shown here for the 2D dipole oscillations in a weakly inter-
acting Bose gas: δρ±1 = (x ± iy)e
−iωt (i.e. nr = 0, l = 1,
m = ±1). An element of fluid (pink circle) feels a restor-
ing force, F±1 = −g∇δρ±1 = −g (1,±i) e
−iωt, around the
dashed curve. Without Berry curvature, the acceleration, v˙n,
and velocity, vn, have the same magnitude for both modes
and ω+1 = ω−1. The Berry curvature couples to the time-
dependent force, giving an additional acceleration v˙Ω and
velocity vΩ ∝ (F × zˆ)Ω. This is analogous to the “guid-
ing center” velocity of a particle in electromagnetic fields [c.f.
v ∝ (E × B)]. The resultant frequencies are split; ω+1 is
lowered and ω−1 is raised.
δρ ∝ (x ± iy) ∝ rY1±1(θ, ϕ) at frequency ω =
√
κ/M∗,
and δρ ∝ z ∝ rY10(θ, ϕ) at frequency ω =
√
κz/M∗
[29]. In what follows, we shall refer to δρ ∝ (x ± iy) as
the (quasi-) 2D dipole modes. Figure 1 shows schemati-
cally how the Berry curvature splits these modes. In the
absence of Berry curvature, the quadrupole modes with
m = ±2 or m = ±1 can also be linearly combined to
give the scissors modes [31](with δρ ∝ xy, yz, xz). The
existence of the scissors modes relies on the degeneracy
between ±|m|. Here these mode frequencies are split,
and so the modes must retain their angular symmetry.
Another important low-lying mode is the breathing
mode (nr = 1 and l = m = 0). Without Berry curva-
ture, the velocity field is purely radial (v ∝ r), and the
density oscillation resembles a “breathing” of the cloud
[29]. The mode frequency now depends on the equation
of state: ω =
√
(3γ + 2)κ/M∗[19, 20]. Our results show
that this mode frequency is unchanged for Ω 6= 0, since
it has no angular momentum along zˆ. However, it is in-
teresting to note that the mode velocity field is changed,
gaining an extra rotational (divergence-free) component
∝ r × zˆ.
We illustrate the effects of the Berry curvature on col-
lective modes for a simple model of Rashba spin-orbit
coupling. Recent experiments have studied spin-orbit
coupling in 1D [32, 33] and there are proposals for ex-
tensions to two dimensions [34–36]. We consider a 2D
interacting spin-1/2 gas described by the Hamiltonian
Hˆ =
∑
i
hˆ0(i) +
1
2
g2D
∑
i6=j
δ(xi − xj)δ(yi − yj)
hˆ0 =
p2
2M
+ λ(pxσˆy − pyσˆx)−∆σˆz + V (x, y). (5)
where g2D is the effective contact interaction in two di-
3mensions, i = 1, ..., N is the particle index, and σˆx,y,z
are the Pauli matrices. We assume that the interaction
strength is independent of spin, which is a good approx-
imation for 87Rb. The single-particle Hamiltonian, hˆ0,
is characterized by a Rashba spin-orbit coupling, λ, and
a Zeeman field, ∆. The effects of spin-orbit coupling
on the collective modes have previously been studied for
one dimension [33, 37, 38] (where there can be no Berry
curvature) and for the 2D dipole mode in a thermal gas
using a Boltzmann approach [39].
Without a trap, the single-particle energy spectrum is
ε± =
p2
2M ±
√
λ2p2 +∆2. When ζ ≡ λ
2M
∆ < 1, there is a
single minimum in the lower band at p = 0. This mini-
mum has effective massM∗ = M(1−ζ) , and Berry curvature
Ω = λ
2h¯2
2∆2 [14]. We consider the collective oscillations of a
BEC formed in this single minimum. In addition to ζ, the
mean-field theory for the Hamiltonian [Eq. 5] is charac-
terized by two other dimensionless parameters: χ ≡ h¯ω0∆
(where ω0 =
√
κ/M), which compares the trap and the
band gap, and G ≡ Ng2DM
h¯2
, which is a measure of the
interaction strength. We assume that G ≫ 1 to justify
the Thomas-Fermi approximation which improves with
increasing particle number, N . We also take χ <∼ 1, to
avoid mixing with higher bands.
The three lowest sets of 2D surface mode frequencies
[nr = 0, l = |m| = 1, 2, 3 in Eq. (4)] are shown in Fig.
2 for intermediate trapping, χ = 0.2, where the splitting
due to Berry curvature is significant. Without Berry cur-
vature (in the limit χ ≪ 1), the mode frequencies are
ω/ω0 =
√
(M/M∗)l for both m = ±l. As ζ → 1, the ef-
fective mass, M∗ = M(1−ζ) , diverges and ω/ω0 → 0. This
is the transition from the single minimum to the ring of
degenerate minima at nonzero momenta in the energy
spectrum. When Berry curvature is present, the split-
ting between surface modes with m = ±l is δω
ω0
= 12 ζχl
[Eq. (4)]. It is also interesting to note that, while the
mode frequencies without Berry curvature all go to zero
at ζ = 1 (where M∗ →∞), for nonzero Berry curvature
there remain modes at nonzero frequency[40].
For the particular case of the dipole mode, we now
show how the effects of Berry curvature arise naturally
for a very general multiband system. We assume that
the minimum of the lowest band is at a high symmetry
point (e.g. the Brillouin zone center, p = 0). We choose
axes such that the local Berry curvature is Ωzˆ, and dis-
cuss motion in the xy plane (motion along z decouples).
The single-particle Hamiltonian isH = − h¯
2
2M∇
2+V (r)+
U(r), where U(r) is the periodic lattice potential. Fol-
lowing the usual effective mass theory[41], we expand
the wave function in terms of functions eik·r|n〉, where
|n〉 ≡ |n0〉 is the Bloch function of the nth band at p = 0.
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FIG. 2. The three lowest-energy sets of 2D surface modes
(nr = 0, l = |m| = 1, 2, 3) for the Rashba Hamiltonian for a
weakly interacting BEC. The modes are shown in the single-
minimum regime, 0 < ζ < 1, for intermediate trapping, χ =
0.2 (the Ω = 0 results are for weak trapping χ ≪ 1). The
Berry curvature breaks the degeneracy and splits the modes.
We find
Hˆ =
∑
n
(
En +
h¯2|kˆ|2
2M
+
1
2
Mω20|xˆ|
2
)
|n〉〈n|
+
∑
α,n,n′
h¯kˆα
M
piαn,n′ |n〉〈n
′| (6)
where En is the nth band energy at the zone center,
and α runs over spatial dimensions. The operator h¯kˆ
is the crystal momentum (with eigenvalues h¯k for the
states eik·r|n〉) and xˆ is the conjugate crystal position.
The last term in Hˆ is of the familiar “k · p” form [41],
with piαn,n′ ≡ 〈n|pˆ
α|n′〉 the interband matrix elements of
pˆ [N.B. piαn,n = M(∂En/∂p
α) = 0 at a band minimum].
For particles in a quadratic band minimum, the dipole
mode is a center-of-mass oscillation. It is therefore unaf-
fected by interactions (which depend only on interparticle
separations). As we now show, the dipole mode remains
a center-of-mass oscillation for nonzero Berry curvature.
Hence, interactions can be neglected provided they do
not excite particles to high-energy states which lie be-
yond the effective mass approximation, which we now
assume. The Heisenberg equations of motion are then
ˆ˙Xα =
1
M
Pˆα +
1
M
∑
n,n′
Πˆαnn′ ,
ˆ˙Pα = −Mω20Xˆ
α
ˆ˙Παnn′ =
i
h¯
(En − En′)Πˆ
α
nn′
+
i
h¯
Pˆ β
M
∑
j
piαnn′
(
piβjn|j〉〈n
′| − piβn′j |n〉〈j|
)
(7)
for the crystal position, Xˆα ≡ xˆα
∑
n |n〉〈n|, crystal mo-
mentum, Pˆα ≡ h¯kˆα
∑
n |n〉〈n|, and Bloch momentum,
Πˆαnn′ ≡ pi
α
nn′ |n〉〈n
′| (all defined at t = 0).
4These equations describe coupling of motion of the
center-of-mass to interband transitions. Assuming that
all interband transition energies En − E0 are large
compared to h¯ω (so all atoms are in the lowest
band, n = 0), we can approximate the last line, re-
placing Pˆ βOˆ with Pˆ β〈0|Oˆ|0〉. This line becomes ∝
Pˆ β
(
piβ0npi
α
n0δn′0 − pi
β
n′0pi
α
0n′δn0
)
, such that only Πˆαn0 and
Πˆα0n′ couple to Pˆ . Taking the operators to vary harmon-
ically with e−iωt, and eliminating Πˆαnn′ , we find
− iωPˆα = −Mω20Xˆ
α
−iωXˆα ≃
1
M
Pˆα
−
Pˆ β
M2
∑
n>0
[
piβ0npi
α
n0
[h¯ω + (En − E0)]
−
piα0npi
β
n0
[h¯ω − (En − E0)]
]
.(8)
We expand this to first order in h¯ω/(En − E0) and find
− iωXˆ ≃
(
1
M∗
)
xx
Pˆ x +
(
1
M∗
)
xy
Pˆ y +
iωΩ
h¯
Pˆ y
−iωYˆ ≃
(
1
M∗
)
yy
Pˆ y +
(
1
M∗
)
yx
Pˆ x −
iωΩ
h¯
Pˆ x (9)
where we have introduced the effective mass [42] and
Berry curvature [14] for the lowest band at the Brillouin
zone center(
1
M∗
)
αβ
≡
1
M
δαβ −
1
M2
∑
n>0
piβ0npi
α
n0 + pi
α
0npi
β
n0
(En − E0)
Ω ≡
ih¯2
M2
∑
n>0
pix0npi
y
n0 − pi
y
0npi
x
n0
(En − E0)2
. (10)
This expression for Ω can be derived from Eq. (1) us-
ing the relation 〈n|∂H
∂p
|n′〉 = 〈∂n
∂p
|n′〉(En − En′) [14].
From Eq. (9), we calculate the dipole frequencies of
Dˆ±1 = Xˆ ∓ iYˆ (corresponding to the modes δρ±1). For
an isotropic effective mass, the dipole mode frequencies
are given by Eq. (4) (with nr = 0, l = 1 and m = ±1),
confirming the hydrodynamic result. Moreover, since all
atoms oscillate in the same way, the dipole mode remains
a center-of-mass oscillation, so this result is independent
of the regime or equation of state. Our derivation shows
that the Berry curvature appears as the next-order cor-
rection after the effective mass[43].
Finally, we discuss how the observation of collective
modes frequencies may be used to experimentally char-
acterize the geometrical properties of energy bands. The
Berry curvature can be directly measured in the fre-
quency splitting between those modes which are degen-
erate for Ω = 0. For example, the splitting between sur-
face modes with m = ±l is given by δω
ω0
= lΩ/a20 (Eq. 4),
where a0 =
√
h¯/Mω0 is the harmonic oscillator length.
This splitting will manifest as a precession of distortions
formed from +m and −m at frequency δω.
The sizes of the effects we predict can be very large.
For example, in the 2D Rashba model studied above, the
energy splitting of the modes can be written δω
ω0
= 12ζχl.
As previously discussed, it is necessary that χ <∼ 1 and
0 < ζ < 1; this sets an upper limit of δω
ω0
<
∼ 50%×l. Thus,
the energy splitting can be as large as the trap frequency
itself.
For optical lattices that cause the atoms to experience
an average magnetic field, the effects of Berry curva-
ture become stronger at smaller flux densities. To see
this, consider the Harper-Hofstadter model of a tight-
binding lattice with a flux nφ = 1/q (where q is an inte-
ger) per plaquette of dimensions a × a [44]. The mag-
netic unit cell contains one flux quantum, so its area
is A = a2/nφ. The corresponding magnetic BZ has an
area ABZ = (2pi)
2nφ/a
2. The average Berry curvature Ω¯
scales as ∝ 1/nφ (because Ω¯ABZ = 2piC, where C is the
Chern number, which is C = 1 in this case). Hence the
effects of Berry curvature increase for small nφ. That
said, these effects can be large even when the flux per
unit cell is of order 1. For optical flux lattices [45, 46],
and taking 87Rb atoms condensed in the minimum of
the F = 1 two-photon coupling scheme [with parame-
ters of Fig. 4(a) in Ref. 46], the splitting between two
surface modes with m = ±l is δω/ω0 ≈ 3.4% × l for
ω0/2pi = 150Hz [Eq. (4)]. For the quadrupole modes
(with m = ±2), δω/2pi ≈ 10Hz. This is larger than mea-
sured damping rates and well within typical experimental
measurement precision[47].
In conclusion, we have shown that Berry curvature has
important effects on the collective modes of ultracold
gases. We derived the general hydrodynamic theory for
collective modes including Berry curvature, and illus-
trated its effects for situations of current experimental
interest[8, 9]. The Berry curvature can lead to large
splittings of mode frequencies, which should be readily
detectable with current experimental capabilities. Their
observation would allow a characterization of the geo-
metrical properties of BECs in topological energy bands.
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